Abstract. First of all, we construct a conic bundle with a prescribed zeta function. This is a key step to classify Del Pezzo surfaces of degree 4 over a finite field. In particular, we see that the zeta function determines the combinatorics of a Del Pezzo surface.
Introduction
Let S be a surface over a finite field k = F q . For the zeta function of S, Grothendieck proved a well-known formula using the Frobenius action on theétale cohomology of S. In this paper, we are interested in a more explicit answer in terms of the geometry and the combinatorics of S. Following Tsfasman [7] , we restrict ourselves to the case in which S is birationally equivalent to a ruled surface. Tsfasman proved the following theorem. Theorem 1.1 [7] . Let π S : S → C be a conic bundle over P 1 . Then the number of F q -points on S is #S(F q ) = (q + 1)
where a is the number of degenerate fibers of π S defined over F q -points of P 1 . Let S be a Del Pezzo surface of degree d. Then #S(F q ) = q 2 + 1 + (10 − d − c)q.
For deg S = 4, the possible values of the parameter c are 8, 6, 5, and 4.
The aim of this paper is to generalize this result to ruled surfaces and partly prove the converse statement. More precisely, we construct conic bundles and Del Pezzo surfaces of degree 4 with prescribed zeta functions. This completes Manin's classification [4] of degree 4 Del Pezzo surfaces. Note that in his classification Manin uses combinatoric properties of Del Pezzo surfaces (i.e., Swinnerton-Dyer's table of conjugacy classes in the Weil group W (E 6 )). In this paper, we use only the arithmetic of conic bundles and some simple geometric constructions. In other words, we see that in some sense the arithmetic of a Del Pezzo surface (i.e., its zeta function) determines its combinatorics.
The paper is organized as follows. In the first part, we recall some facts on conic bundles and prove the main (classification) theorem on minimal conic bundles. In the second part, we use previous results to classify Del Pezzo surfaces of degree 4.
Zeta Functions of Conic Bundles over Finite Fields
2.1. Conic bundles. A smooth surface S over the ground field k is said to be minimal if every birational k-map S → S into a smooth surface is an isomorphism. The following classification theorem for minimal surfaces over an arbitrary field is due to Iskovskikh [1] and Manin [3] (see also [2] ).
Theorem 2.1. Let S be a smooth proper surface over an arbitrary field k. There exists a sequence S → S 1 → · · · → S n = S of contractions such that S and its Picard number ρ(S ) satisfy exactly one of the following conditions:
(1) K S is numerically effective; (2) ρ(S ) = 2 and S is a conic bundle over a curve C; (3) ρ(S ) = 1 and S is a Del Pezzo surface (i.e., −K S is ample).
Recall that if S is a smooth surface over k, then the Neron-Severi group NS(S), S = S ⊗k, is equipped with the natural action of the Galois group Gal(k/k), preserving the intersection pairing and the canonical class K S . In other words, this action defines a representation ρ of G = Gal(k/k) in the group of automorphisms of NS(S) preserving the intersection pairing and K S . Then G = Im ρ is called the splitting group of S. Theorem 2.2 [5] . The group NS(S) of a conic bundleS is the free abelian group generated by classes l i . For the class l 0 of a fiber and the canonical class KS, one has KS = −2l −1 − 2l 0 + l i and l 0 , KS ∈ NS(S). The intersection pairing is given by l
We say that a conic bundle π S : S → C is minimal if every birational map S → S over C into a smooth surface is an isomorphism; this means that over k we cannot blow-down a line in a fiber of π S . Theorem 2.3 [1] . Let π S : S → C be a minimal conic bundle. If the structure map π S is not smooth, then Pic(S) ∼ = π Proof. Suppose that ρ(S) = 2. If π is not minimal, then l i ∈ NS(S) for some i. Since l 0 , KS ∈ NS(S), we have al i = bl 0 + cK for some a, b, c ∈ Z. From this, we obtain a(l i , l 0 ) = b(l 0 , l 0 ) + c(K, l 0 ) and c = 0. This contradicts Theorem 2.2.
To prove the converse, we have to consider the case in which π S is smooth. By Tsen's theorem, πS :S →C has a section andS is ruled. For the ruled surface, we have ρ(S) = 2. Clearly, NS(S) ⊂ (NS(S)) G and ρ(S) = 2.
Zeta functions
Definition 2.5. Let X be a variety over a finite field F q , and let N d be the number of points of degree 1 on X ⊗ F q d . The zeta function of X is defined as
Theorem 2.6. Let π S : S → C be a minimal conic bundle, and let a r be the number of degenerate fibers over points of degree r. Then
Proof. There exists a subset U ⊂ C such that the restriction of
. By Theorem 2.1, degenerate fibers of π S are pairs of intersecting lines, and since S is minimal, it follows that the splitting group G permutes these lines. Consequently, the degenerate fiber over a point of degree r contains only one F q r -point, namely, the point of intersection of the two lines. We have
From this, we obtain
Combining this with the formulas for Z U , Z Y , and Z S , we arrive at the assertion of the theorem.
Using the same argument, we can prove the following lemma.
Lemma 2.7. The zeta function of a blow-up S of a surface S at a point of degree r is
2.3. Forms of P 1 . Every birational isomorphism of minimal conic bundles over C is a composition of elementary transformations. An elementary transformation is the composition of the blow-up centered at a point of a smooth fiber F and the blow-down of the proper transform of F . Thus, by Theorem 2.6, the zeta function of a minimal conic bundle S is determined by the birational isomorphism class of S. In turn, the latter is determined by the generic fiber of π S . It is a form of P 1 over the function field K = k(C) of the curve C.
Let us recall some facts about P 1 -forms over function fields (see [6] ). Suppose that L = K ⊗ Fq F q r ; then G = Gal(L/K) is a cyclic group of order r. The set of isomorphism classes of
). There exists a natural injection α :
its image consists of all elements of order 2.
Lemma 2.8. For each form P of P 1 K , there exists a smooth conic bundle π : S → C such that the fiber over a generic point of C is P .
Proof. Since the image of α consists of elements of order 2, it follows that there exists an extension K /K of degree 2 and a K -point of P . Therefore, P is a conic in P 2 K . Let f (x 0 , x 1 , x 2 ) be an equation of P . For every closed point v of C with local ring O v ⊂ K, we can represent f in the canonical form
and T is the local parameter. Obviously, for every closed point v of C there exists an open neighborhood U = Spec A such that α, β ∈ A and Eq. (2.2) defines a smooth surface over U in P 2 × U ; we can paste these surfaces together, thus obtaining a smooth surface over C.
If v is a closed point of C, then Br(K v ) ∼ = Q/Z and we have the exact sequence
To describe γ(P ) for a form P of P 1 K , we need the following construction. An element of H 2 (G, L * ) of order 2 defines a quaternion algebra A over K. The algebra A has generators 1, i, j, ij with the relations
where α and β are as in the proof of the previous lemma. The map γ takes A to the vector of its restrictions {A · K v } v∈C to every closed point v of C. Since Br(K v ) ∼ = Q/Z, we can define an invariant of A at v as a rational number modulo Z. We say that a degenerate fiber of π S splits if we can blow-down a line in this fiber.
Lemma 2.9. Let π S : S → C be a conic bundle, and let A be the corresponding quaternion algebra. The invariant of A at a closed point v of C is equal to 1/2 if and only if the fiber of π S over v is degenerate and does not split.
Proof. A smooth conic has a point over k((T )) by Hensel's lemma. Thus if the fiber is smooth, then the algebra A ⊗ K v is trivial. Suppose that the fiber is degenerate. Then S has an equation of the form
v . If the fiber splits, then α = γ 2 and (i+γ)(i−γ) = 0 for some γ ∈ O v provided that char k = 2. If char k = 2, then α = γ 2 + γ and (i + γ) = (i + γ)
2 . In either case, A ⊗ K v is trivial. Finally, suppose that the degenerate fiber does not split. The algebra A ⊗ K v splits over the quadratic extension L = K v (γ) with α = γ 2 . If the Galois group Gal(L/K v ) is {e, h}, then for the cocycle {c σ,τ ∈ L * : σ, τ ∈ H} corresponding to A ⊗ K v we have c h,h = T β and c e,e = c e,h = c h,e = 1. Suppose that this cocycle is trivial, i.e., a στ · c σ,τ = τ (a σ ) · a τ for some cocycle {a σ ∈ L * |σ ∈ H}. Then a e = 1. If a h = x + γy for some x, y ∈ K v ∼ = k((T )), then T β = x 2 − αy 2 , but this is impossible, since β is a unit in O v . Therefore, the invariant of A ⊗ K v is nontrivial.
By the exactness of (2.3), the sum of invariants over all points of C is zero, and we have the following corollary.
Corollary 2.10. For a minimal conic bundle, the number of degenerate fibers over closed points of C is even.
Main theorem
Theorem 2.11. We use the notation of Theorem 2.6. There exists a conic bundle with zeta function (2.1) if and only if there exists a set of points x 1 , . . . , x s on the curve C, where s is even, such that exactly a r of these points have degree r.
Such a set of points always exists if q is sufficiently large.
Proof. Since s is even, it follows from the exact sequence (2.3) that there exists an element of Br(K) with nontrivial invariants at x 1 , . . . , x s . By Lemmas 2.8 and 2.9, for the corresponding form of P 1 there exists a conic bundle with degenerate fibers only over these points.
Finally, it follows from the Weil inequality
for the number of points of degree d on the curve C that if q is sufficiently large, then the desired set exists.
Now we can generalize Theorem 1.1 to conic bundles over an arbitrary smooth curve C of genus g. Theorem 2.12. Let π S : S → C be a conic bundle over a smooth curve C of genus g with f = ρ(S)−2 = r ra r geometric degenerate fibers and a = a 1 degenerate fibers over k-points of C, and let n = #C(k). Then
• the number of k-points on S is #S(k) = (q + 1)(n − a) + a = (q + 1)n − aq;
• a ≤ n, and
• f is even and a = f , or • f is even, a ≤ f − 2, and the condition below holds, or • f is odd, a ≤ f − 2, and the condition below holds, then there exists a conic bundle π S : S → C with these a and f . Here the condition in question is as follows:
• if a is even, then
In particular, if C is the projective line P 1 , then such a conic bundle exists if and only if a ≤ q + 1.
The proof is a straightforward calculation using Theorem 2.11 and Weil's inequality, and we omit it.
Del Pezzo Surfaces
In this section, we use the preceding results to classify Del Pezzo surfaces of degree 4. Let us recall what is already known for surfaces rational overk.
Theorem 3.1 [1] . Let S be a smooth minimal projective surface over an arbitrary field k, and suppose thatS is rational. There are only two possibilities:
(1) S is a Del Pezzo surface with Pic(S) ∼ = Z, or (2) S is a conic bundle with Pic(S) ∼ = Z ⊕ Z. Surfaces of type (1) are always minimal. Surfaces of type (2) are not minimal if and only if either deg S = (K S , K S ) = 3, 5, 6 or deg S = 8 and S is a blow-up of a point on P 2 . If S is of type (2) and deg(S) = 3, 5 or 6, then S is a Del Pezzo surface.
For a Del Pezzo surface S, the following assertions hold.
• if deg S = 9, then S = P 2 ;
It follows from Manin's argument in [4, IV.7 .8] that if S is a Del Pezzo surface of degree 5 or 6 over a finite field, then S is not minimal. Indeed, Manin shows that a blow-up of S at a rational point not lying on an exceptional line (such a point always exists over a finite field) is a blow-up of P 2 at a point of degree 3 if deg(S) = 6 or at a point of degree 5 if deg(S) = 5. It follows that the order of the splitting group of S is not greater than 3 or 5, respectively. But the table in [4, IV.9] shows that the order is 6 or 10, respectively.
It is known that ifS is rational, then
where P (t) = det(1 − qtFr * ) is the characteristic polynomial of the weighted Frobenius action on NS(S). Manin [4, IV.9] proved, using calculations due to SwinnertonDyer, that there are six possibilities for the zeta function of a minimal Del Pezzo surface of degree 4. The corresponding characteristic polynomials are
Here the subscript corresponds to the type in Manin's classification. We intend to reprove this result and construct surfaces with zeta functions Z i (t) corresponding to the polynomials P i (t). Hence we complete the classification for the case of degree 4. There exist surfaces with zeta functions Z 2 , Z 4 , and Z 5 whenever q > 3 and surfaces with zeta functions Z 1 , Z 10 , and Z 18 for any q.
Proof. For a rational surface, we have the relation deg X = (K X , K X ) = 10 − ρ(X) (see [4, IV.2.4] ). Let S be a minimal conic bundle (Pic(S) ∼ = Z⊕Z) with degenerate fibers over the points x i . Since deg S = 4, it follows that
By Theorem 2.11, s is even. Obviously, we have only three possibilities for the numbers deg x i :
(1) s = 4 and deg x i = 1; (2) s = 2, deg x 1 = 1, and deg x 2 = 3; (3) s = 2 and deg x 1 = deg x 2 = 2. From Theorem 2.6 we obtain Z 4 (t), Z 2 (t), or Z 5 (t), respectively, in these cases.
At the same time, such surfaces do exist if q > 3. Indeed, let X i be a conic bundle with zeta function Z i (t) for i = 2, 4, or 5 (note that X 4 exists only if q > 2). It can be shown that X i = X i × kk is a blow-up of P 1 × P 1 at four points. If X i is not Del Pezzo, then two of these points lie on the line l 1 = {t 1 } × P 1 for some
. Since X i is minimal, it follows that the other two points lie on the line l 2 = {t 2 } × P 1 for some t 2 ∈ P 1 , and the Galois group Gal(k/k) permutes t 1 and t 2 .
The proper transforms of l 1 and l 2 are the only lines on X i with self-intersection number −2. If we make an elementary transformation at a k-point of X i not lying on an exceptional line (such a point exists if q > 3), we obtain a surface S i and lines l 1 and l 2 with self-intersection number −1. Therefore, the corresponding surface S i is a blow-up of P 1 × P 1 at four points and no two of these points lie on a line. It follows that S i is Del Pezzo and its zeta function is Z i (t).
Consider the second case. Suppose that S is not a conic bundle; i.e., Pic(S) ∼ = Z. Let S be a blow-up of S at a point of degree 1. Then S is a Del Pezzo surface of degree 3 and can be anticanonically embedded in P 3 . A projection π : S → P 1 from the exceptional line of the blow-up can be extended to a regular map (we also denote it by π). Since ρ( S) = 2 by Corollary 2.4, we see that S is a minimal conic bundle of degree 3. Hence f = 5, and we again have three possibilities for deg x i : (1) s = 4, deg x i = 1 for i = 1, 2, 3, and deg x 4 = 2; (2) s = 2, deg x 1 = 2, and deg x 2 = 3; (3) s = 2, deg x 1 = 1, and deg x 2 = 4. By Lemma 2.7, the zeta function of S is Z 10 (t), Z 1 (t), or Z 18 (t), respectively.
Let us construct surfaces with these zeta functions. We start from a minimal conic bundle X i with zeta function Z i (t)(1 − qt) −1 . By Theorem 3.1, it is a nonminimal Del Pezzo surface of degree 3. After the contraction of an exceptional line, we obtain a Del Pezzo surface of degree 4. By Corollary 2.4, ρ(X i ) = 2, and hence ρ(S i ) = 1 and S i is minimal with zeta function Z i (t). This completes the proof. Remark 3.3. We do not know whether there exist surfaces with zeta functions Z 2 , Z 4 , or Z 5 for q ≤ 3. For example, there is no surface with zeta function Z 4 over F 2 , since there are only three points on P 1 .
Remark 3.4. Using the same argument, we can try to classify Del Pezzo surfaces of degree less than 4. We can do this for surfaces birationally equivalent to conic bundles. But there exist surfaces of degree 3 and less that do not possess this property. Indeed, let us prove this for the cubic with the equation show that the order of the birational invariant of a conic bundle is divisible by 4. This contradiction proves that our cubic is not birationally equivalent to a conic bundle.
